INTRODUCTION AND RESULTS
Let m > 0 be a squarefree odd rational integer. It is well known from the genus theory of the quadratic fields that if m has no prime factor ( >O) congruent to 3 modulo 4, then the 2-ranks of the ideal class groups of the real quadratic lieid Q (\b) and the imaginary quadratic field Q(G) are both equal to r, the number of primes dividing m, so that their class numbers h(2m) and h( -2m), respectively, are divisible by 2'. In this paper, it will be proved that h(2m) and h( -2m) are related to each other modulo 2"+2 through the fundamental unit of Q(G).
For an odd rational integer n > 0, let (a/it) denote the Legendre-Jacobi symbol, where (a, n) = 1.
The main result is the following.
THEOREM.
Let m > 0 be a squarefree odd rational integer, having no prime factor ( >O) congruent to 3 mod& 4, and with T and U rational integers, be the fundamental unii of the real quadratic field Q(&).
Then we have h( -2m) = z TUh(2m) (mod 2'+'), 0 where r is the number of primes dividing m.
From the theorem, we obtain some relations between the structures of the ideal class groups of Q(G).
For a rational integer n >, 1, let r.( _+2m) denote the 2"-rank of the ideal class group of Q(&!%), respectively. Then, letting N be the absolute norm, we obtain COROLLARY.
(i) r,(-2m)=O, ifandonlv ifr4(2m)=0, N(E)= -1.
(ii) r4(-2m)= 1, r8(-2m)=O, zfand onl-y if(A) or (B).
It is remarked that if r4( -2m) = 0 then, from the theorem, the odd parts of the class numbers h( f2m) are related to each other modulo 4 through T and U. In fact, it is seen that U = 1 (mod 4) in this case, so that U may be omitted.
Let a and b be squarefree positive odd rational integers, such that (a, b) = 1. We define & by
Clearly the value of &, is 0 or 1. The condition r4( -2m) = 0 can be written as follows. PROPOSITION 1. Putting n, = m, we have where the summation runs over all finite tuples (no, n, ,..., n,y) of rational integers such that nj 1 n.ip, and 0 < nj < n.,_ , for j = l,..., s.
Putting together Corollary (i) and Proposition 1, it follows that PROPOSITION 2. Putting n, = m, we have 12(2m)/2' E 1 (mod 2) und N(E)= -1, ifand only ij"
As a simple application of Proposition 2, we obtain (mod8), (pi/p,)= -1 fbr every i<j, and r-0 (mod 2), then h(2m)/2'= 1 (mod 2) and N(E)= -1. To return to the proof, it is easy to see that 8d= (8d,) d2 is properly of the second kind, if and only if -8d = ( -8d,) d2 is properly of the second kind. Hence h + (2d) E 0 (mod 2r(d)+ ' ), if and only if h( -2d) E 0 (mod 2@)+ '). That is, h + (2d) = h( -2d) (mod 2r(d)+ ' ). Therefore, noting that Td E 1 (mod 2) and
the lemma is proved. 2h(2d)log(c,,),
a mod 8m Pldd (a.8m) = 1 p prime Proof: Let p be a prime such that plmld. Put m'=mJp and a= pa' + 8m'x. If a' and x run over complete reduced systems of residues modulo 8m' and modulo p, respectively, then a runs over a complete reduced system of residues modulo 8m. Therefore = -(-h(P)+ 1) c f Xzd(a') p;,
where every interchange of summation is guaranteed by Abel's continuity theorem (e.g., [4, Sect. 3.711) . Therefore, by the induction on Y and the class number formula, we get the first formula. The second formula is proved in exactly the same way.
Letting m = n;=, pj be the prime decomposition, we see
.
(u&n) = I
Here, observing
otherwise, the left-hand side is equal to
where each summation C', runs over all a mod 8m such that x ~ I (a) = -1, x,(a) = 1 for every j, and X*(U) = +l, respectively. Put mj= m/pj and a = mx + C>=, gm+,. If x and Xj run over complete reduced systems of residues modulo 8 and modulo pi, respectively, then a runs over a complete reduced system of residues modulo 8m. Therefore, as x,,(a) = Xp,(2mis,), the lefthand side is further equal to respectively. Then we see that k( +2d) is a rational integer. With these notations we obtain from (1) the formula (2) 
CONSIDERATION MODULO o6
Put o = 1 -is. As c8 = (1 + i)/& and s2 = I+ &, we see fi = [DEACON. We will investigate the both sides of the formula (2) by the modulus 06. Every congruence is considered in the integral ring of the field K(i8). (mod 06), we get szd= ET * (mod CO"). Moreover, from Pd--2dU;= -1, we see Pd::_ -1 (modp) for every prime p 1 U,, so that Ud= 1 (mod 4). Hence s2d = so"* (mod 06). Second, suppose iV(szd) = + 1. Then we have &2d E T, z ( -1 )(TdP IV2 = E?-' (mod w6).
Moreover, from Pd -2dUz = 1, we have (T, -1 )( Td + 1) = 2dU2, where (T,-1, Td+ 1)=2, so that we may set H me ul,,(-!)/~~(j)=(-l)f/r(a--~))i(a+jlZP). For a rational integer n >O, let P,(X) denote the nth cyclotomic polynomial. Clearly ul,([) divides P8,J 1). Moreover, since P,,JX) = P,(Xs)/Pm(X4), we have Pg,( 1) = 1. Hence u',(i) is an algebraic unit, so that a f 0 (mod w). Therefore, since a -fi /I z a + ,,h p (mod 06), we obtain YJ,,,( -[)/'Pl,([) = (-1)"' (mod u6), which proves the lemma. We see azli--1 =E*w~, a;'i+ 1= --is~z2m3, and (E;~z')~=E~*(-~)E ( -l)( -1) = 1 (mod w"). Hence, in the multiplicative group modulo 06, E; 'i and -1 have the order 2, and are independent of each other. Therefore, applying Lemma 4 to (3), we obtain (4) and Clearly (4) and (5) That is,
Hence k( -2~2) = ~~(2) T, U,k(2m) (mod 4), which completes the proof of the theorem.
PROOF OF PROPOSITIONS
We prove Proposition 1 and 3 by induction on r. Then Proposition 2 has already been proved in Section 1. Now, from (4) 
